In this paper, we present some new existence and uniqueness results for three-point boundary value problems of nonlinear q-difference equations with multi-term q-derivative boundary conditions. Our results are based on Banach's contraction principle, Krasnowselskii's fixed point theorem and Leray-Schauder degree theory. Two examples are given to illustrate the advantage of our results.
Introduction
In this paper, we study the following three-point boundary value problem of a nonlinear q-difference equation with multi-term q-derivative boundary conditions
where 0 < q, p i , r j < 1, i = 1, 2, . . . , n, j = 1, 2, . . . , m, f ∈ C([0, T ] × R, R), η ∈ (0, T ) is a fixed constant and α i , β j are given constants such that
The analysis of q-calculus was initiated at the beginning of the last century by Jackson [1] and was developed in intensive work especially by Carmichael [2] , Mason [3] , Adams [4] , Trjitzinsky [5] , etc. From that time onwards, this theory has evolved in various research disciplines and their applications, for example see [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . For some recent works on q-difference equations, we refer the reader to [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] and references cite therein.
In [30] , Ahmad studied the existence of solutions for third-order nonlinear q-difference equation with boundary conditions of the form 
He obtained some existence results by using standard fixed point theorems and Leray-Schauder degree theory. In [31] , Ahmad et al. established the existence criteria for nonlinear second-order q-difference equation with non-separated boundary conditions 
In [32] , Pongam et al. investigated the sequential derivative of the nonlinear q-difference equation with three-point q-integral boundary conditions given by
Using fixed point theorems and Laray-Schauder degree theory, they obtained some proofs of the existence of solutions of problem (4) . However, to our knowledge, no existence results are available for boundary value problems for nonlinear q-difference equations with multi-term q-derivative boundary conditions. As a result the goal of this paper is to fill this gap.
Preliminary Notes
Let us recall some basic concepts of q-calculus [15] . For 0 < q < 1, we define the q-derivative of a real valued function f as
and D q f (0) = lim t→0 D q f (t) provided f (0) exists. The higher order q-derivatives are given by
The q-integral of a function f defined in the interval is [a, b] given by
For a = 0, we denote
Note that
and if f is continuous at t = 0, then
In q-calculus, the product rule and integration by parts formula are
Further, reversing the order of integration is given by
In the limit q → 1 the above results correspond to their counterparts in classical calculus. 
has a unique solution
Proof. For t ∈ [0, T ], taking q-integral for (5), we get
where a 1 is a constant of q-integration. For t ∈ [0, T ], we obtain by qintegrating (8),
Changing the order of q-integration, we have
Therefore, (10) can be written as
Taking p i -derivative of (11), we obtain
For t = 0, we have
Now, using the first condition of (6), we get
Applying r j -derivative to (11) and using the second condition of (6), we obtain
Solving the system of linear equations (13) and (14) for the unknown constants a 1 and a 2 , we have
Substituting the values of a 1 and a 2 in (11), we obtain (7).
We define a positive constant
where 
We transform the boundary value problem (1) into a fixed point problem. In view of Lemma 2.2, we consider the operator F : C → C defined by
for u ∈ C and t ∈ [0, T ]. It should be noticed that the problem (1) has solutions if and only if the operator equation F x = x has fixed points.
Main Results
Now we are in position to establish the main results. Our first result is based on Banach's fixed point theorem. 
where L is a Lipschitz constant. Then the boundary value problem (1) has a unique solution, provided Λ := LΩ < 1, where Ω is given by (15) .
Proof. Firstly, we set an operator F : C → C defined by (16) . Let sup t∈[0,T ] |f (t, 0)| = M and choose a constant r as
where δ is such that Λ ≤ δ < 1. Now we shall show that F B r ⊂ B r , where B r = {u ∈ C : u ≤ r}. For u ∈ B r , we have
Hence, F B r ⊂ B r . For u, v ∈ C and for each t ∈ [0, T ], we get
As Λ < 1, F is a contraction. Thus, by Banach's contraction mapping principle, F has a unique fixed point in B R . Therefore, the boundary value problem (1) has a unique solution. This completes the proof. We now define a positive constant
Theorem 3.2 Assume that f : [0, T ] × R → R is a continuous function satisfying condition (H 1 ) and the following assumption holds:
then the boundary value problem (1) has at least one solution on [0, T ].
Proof. We let max t∈[0,T ] |μ(t)| = μ and set a constant r ≥ μ Ω, where Ω is given by (15) . We define a ball B r = {x ∈ C : x ≤ r}. We also define the operators F 1 u and F 2 u on the set B r as
For u, v ∈ B r , we have
which implies that F 1 u + F 2 u ∈ B r . For x, y ∈ B r , it is easy to see that
From (17), it follows that F 2 is a contraction mapping. The continuity of f together with the assumption (H 2 ) implies that an operator F 1 is continuous and uniformly bounded on B r . We define sup (t,u)∈[0,T ]×Br |f (t, u)| = f max < ∞.
Then, for t 1 , t 2 ∈ [0, T ] with t 2 < t 1 and u ∈ B R , we get
As t 1 − t 2 → 0, the above inequality, which is independent of u, tends to zero. This implies that F 1 is equicontinuous. Since F 1 is uniformly bounded and equicontinuous on B r , F 1 is relatively compact on B r . Hence, by the ArzelaAscoli Theorem, F 1 is compact on B r . Thus all the assumptions of Theorem 3.2 are satisfied. Therefore, by Theorem 3.2, we get that the boundary value problem (1) has at least one solution on [0, T ]. This completes the proof.
Theorem 3.3 Let f : [0, T ] × R → R be a continuous function. Suppose that there exist constants
, where Ω is given by (15) and Proof. We define an operator F : C → C as in (16) and consider the fixed point problem
We are going to prove that there exists a fixed point u ∈ C[0, T ] satisfying (18) . It is sufficient to show that F :
where
As shown in Theorem 3.1 and 3.2, we have that the operator F that is continuous, uniformly bounded and equicontinuous. Then, by the Arzela-Ascoli Theorem, a continuous map h λ defined by h λ (u) = u − H(λ, u) = u − λF u is completely continuous. If (19) is true, then the following Leray-Schauder degrees are well defined and by the homotopy invariance of topological degree, it follows that
where I denotes the identity operator. By the nonzero property of LeraySchauder degree, h 1 (u) = u − F u = 0 for at least one u ∈ B R . In order to prove (19) , we assume that u = λF u for some λ ∈ [0, 1] and for all t ∈ [0, 1] so that (19) holds. This completes the proof.
Some examples
In this section, in order to illustrate our result, we consider some examples.
Example 4.1 Consider the following three-point multi-term q-integral boundary value problem
2 )( u /(1 + u )). Since |f (t, 
